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assessed within widely-recognized assessments. This kind of individual might also be uniquely positioned to contribute a chapter 

that provides information about what is known about teachers' professional knowledge related to the teaching and learning of 

secondary geometry. Both of these contributions could go a long way in helping inform the work of GeT instructors related to the 

SLOs. 

A different kind of stakeholder is an individual serving as a high school geometry teacher. One way we could envision a high school 

teacher contributing their unique perspective is by offering a reflection on the kinds of challenges they experienced in transitioning 

from their undergraduate experience to the teaching of geometry or the challenges they have seen newer colleagues experiencing 

when they are assigned to teach geometry for the first time. For example, in such a reflection, a teacher could share about the kinds 

of experiences they had in the undergraduate course and how those experiences did or did not prepare them for their work teaching 

high school geometry. This kind of reflection can help shine a light on the importance of various SLOs as well as potentially 

identifying other learning objectives and pondering whether they are captured among the current SLOs or might need to be 

considered for inclusion. Another way we could envision such a person making a contribution is by writing case studies about how 

high school students grapple with different kinds of mathematical tasks common to the high school geometry curriculum and the 

way a teacher uses their knowledge of geometry to support students' learning. For example, a high school teacher might elect to 

implement one or more of the tasks that have been featured in the GeT: The News! (e.g., Teaching for Understanding in Vol. l, lss, 2, 

Illustrating a modeling approach to high school geometry: The pool problem in Vol. 2, lss. 3, or Reflecting on the Sun Rule as a 

Multiplication Model in Vol. 2, lss. 3,) and share anonymized artifacts illustrating how high school students think about this task or 

how they responded to those ways of thinking. Both kinds of contributions can be valuable resources for GeT instructors in terms of 

shaping instruction and offering alternative perspectives on the SLOs. 

In offering these examples, my hope is that I have stretched your imagination about what various contributions to the recent call for 

proposals might look like. I also hope that these examples have supported you in developing some of your own ideas about ways we 

can think more broadly about the contributions for this book-and that you will share those ideas back with us (either in the form of 

a proposal or through a conversation-or both). 

Prior to closing, I want to use this opportunity to invite you all to an on line conversation with the co-editors. It is scheduled for 

October 27, 2:00 PM ET. You can find more information about this event here. 

With that, I will close with a call for two community-wide actions: 

• For everyone reading this, please share either this article or the call for proposals with others. We ask that, as you do, you think

broadly about the variety of individuals that are in your network-the diversity of roles, expertise, perspectives-whose contributions

would be beneficial to our collective.

• For those of you reading this that have not yet considered making a contribution, please reconsider. If you have an idea for a

contribution but are unsure how it might fit, feel free to reach out to me or another of the co-editors. We would love to grab coffee

with any of you-in person or virtually-to discuss your ideas and give feedback.

7See https://getapencil.org/student-learning-objectives/
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Drawing the Line: Constructions in Hyperbolic Geometry 

by Steve Szyd Ii k 

University of Wisconsin Oshkosh 

Introduction: Hyperbolic Geometry and Its Models 
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Figure 3: Constructing the hyperbolic line through A and B in the P-disk. 

The steps in the construction of a P-disk line are entirely Euclidean, and carrying out this construction will support a student's 

understanding of the relevant Euclidean constructions. However, completing these steps every time we desire a Poincare line is 

time-consuming and can distract from a higher-order task that might use that line. This is where dynamic geometry environments 

(DGEs) such as GeoGebra offer a convenient solution. GeoGebra automates basic Euclidean constructions, eliminating much of the 

low-level straightedge and compass strokes (note that while GeoGebra is my DGE of choice, many other options are available, 

including Geometer's Sketchpad, Cinderella, and Cabn). 

One especially useful feature of GeoGebra (and other DGEs) is the ability to create custom "tools," or macros that automate a series of 

steps in a construction. For example, rather than constructing all of the chords, perpendiculars, tangents, and circles required to 

create a hyperbolic line in the P-disk, a user might use a GeoGebra "Poincare Line" tool to simply plot two points in the disk, with the 

tool automatically drawing the required circle arc through the two points. 

The Hyperbolic Toolbox 

GeoGebra offers quick access to construction tools for Euclidean geometry, and I find it useful for my students to have access to 

similar tools in the hyperbolic models, beyond just the hyperbolic line tool described above. So, together we develop a toolbox of 

"essential" hyperbolic constructions in each model. We have tools to construct hyperbolic segments, rays, and lines, bisect angles, 

raise and drop perpendiculars, construct circles, and measure lengths and angles. Measuring is not a construction, of course, but 

automating the measurement process in our models is helpful, especially when we want to confirm congruence of segments or 

angles. With this full suite of tools, we can execute complex hyperbolic constructions in our models. Moreover, utilizing the dynamic 

nature of the software, we can drag the free points in any construction and see the effects on subsequent constructions. This allows 

us to bring the full power of the constructions to bear. 

In my GeT course, we apply the hyperbolic tools in three distinct ways. First, though I provide most of the tools to students, I ask them 

to develop some of the tools themselves. Specifically, students have the facility to develop tools to construct lines in each of the 

models, especially if provided with some necessary background in the case of the Poincare disk. Raising perpendiculars is both an 

accessible task and a great problem-solving challenge for students. 

Second, we use the construction tools as building blocks for more extensive hyperbolic constructions. One exercise is to explore 

whether common Euclidean objects exist in hyperbolic geometry and if so, what properties they might possess. For example, while it 

is easy to construct a rectangle in Euclidean geometry, can we do the same in hyperbolic geometry? Where does the construction 

go wrong? What about a rhombus? The tools offer us opportunities to better understand the history of geometry as well, specifically 

in the attempts to prove the parallel postulate. Each such attempt to prove Euclid's fifth postulate was doomed to failure. While 

identifying a flaw can be challenging in the abstract, carrying out the constructions in a hyperbolic model can be illuminating. In 

particular, the flaw in each proof will always appear in our hyperbolic models. Figure 4 illustrates one proof attempt by Farkas Bolyai 

(see Greenberg, 2008, p. 229). The dynamic sketch at https://tinyurl.com/szydlik22 provides some of the flavor of such an activity, 

though the students would typically carry out all the necessary constructions, rather than having them provided in "checkbox" form. 

https://tinyurl.com/szydlik22


The statements on the right illustrate an attempt to prove the parallel postulate in neutral geometry by Farkas Bolyai (see Greenberg, 

4th ed. p. 229). Justify all of the statements that may be justified, and use the associated construction in the Klein model to find the flaw. 

Given: point P not on line R

I. L t Q be the foot of the perpendicular from P to £.

2. Let ni be the line through P pe1pendicular lo FQ .

3. rn 11 e.

4. Let n be any line tlu-ough P distinct from m, and Q .
-----4 -

5. Let PX be a ray of n between PQ and a ray of 1n emanating from P.

6. There is a pojnt A between P and Q .
7. Let B be the unique point such that Q is between A and B and AQ ,....., QB. 
8. Let R be. the foot of the perpendicular from A to n .
9. Let C be the unique point such that R is between A and C and AR ::::::: RC .
I 0. A, B . and C are not collinear.
11. There is a unique circle "Y passing through A , B , and C .
12. f. is the perpendicular bisector of AB and n is the perpendicular bisector of AC .

13. £ and n meet at the center of ' .
14. The parallel postulate has been proven.

Figure 4: Finding the flaw in a proof of the parallel postulate using the Klein disk model. 

Finally, we use our hyperbolic toolbox to motivate and to visualize the major theorems in hyperbolic geometry. For example, among 

the strangest ideas in that world is that parallel lines have at most one common perpendicular, and when it exists, the common 

perpendicular segment offers the shortest distance between the parallel lines. Giving students parallel lines in one of the models, 

having them find the (hyperbolic) shortest segment between the lines, and identifying the key properties of that segment offers rich 

opportunities for exploration (see Figure 4, or the dynamic sketch at https://tinyurl.com/szydlik22). 

0 Show arbitrary point P' on m'

0 Drop perpendicular from P' o line AB (at P .

0 Find the length o egment P'P

Goal: Find lhe shortes distance from line m' lo line m. 

What i ial a au th egm n f thi I ngth? 

Figure 5: Finding the shortest segment between parallel lines in the P-disk. 

Supporting Student Learning Outcomes 

Hyperbolic constructions offer opportunities for an instructor to address many of the essential SLOs in a GeT course in meaningful 

ways while also supporting teaching practices endorsed by the NCTM (2020) and others (e.g. Abell et al., 2017). The connections to 

several of these SLOs are clear: working within the models using DGE helps emerging teachers to develop their abilities to 

"[c]ompare Euclidean geometry to other geometries such as hyperbolic or spherical geometry" (SLO 9), to "carry out basic Euclidean 

constructions and justify their correctness" (SLO 8), and to "effectively use technologies to explore geometry and develop 

understanding of geometric relationships" (SLO 6). Moreover, when exploring hyperbolic geometry and constructions in general, 

students naturally gain experience in proof (SLO l). With the availability of the hyperbolic toolbox, additional activities become 

feasible that support student development addressing other learning outcomes. For example, working with models can increase 

student understanding of the role of axioms in geometry (SLO 4). Asking students to find flaws in proofs of the parallel postulate 

enriches their knowledge of the history of geometry and strengthens their appreciation for Euclid (SLO 7). Indeed, though many 

prospective teachers may never encounter hyperbolic geometry in the curricula that they teach, exposing them to the beauty 

hyperbolic geometry is, nevertheless, a worthwhile experience. 
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A new working group: Engaging with the Student Learning Objectives 

(ESLO) 

by Pat Herbst 

University of Michigan 

When we wrote the GeT Support proposal to NSF, we proposed to bring high school teachers of geometry into the conversations 

about Geometry courses for teachers. Because our initial moves toward forming the community showed that there already was a 

large diversity of perspectives among GeT instructors, we delayed that aspect of our proposed work. As the work of GeT: A Pencil has 

continued and fructified, we believe this might be a moment when we can bring in high school geometry teachers. Additionally, our 

community has, over time, involved other GeT Instructors who have not yet joined a working group. We are hoping to build an 

opportunity for that kind of participation. 

There are two goals of this effort. The first goal is to promote a dialogue across high school geometry teachers and GeT instructors 

that can help make each group better aware of needs and goals. We surmise that GeT instructors could use additional knowledge 

about what the work of teaching high school geometry involves, and experienced high school geometry teachers could use more 

information about what happens in current GeT courses. Second, as our community has produced the first version of a set of 

essential student learning objectives for GeT courses and their elaborations-a living document, we think this new working group will 

provide a space to produce questions, reactions, and perhaps proposed revisions. Now that getapencil.org is up and running, the 

new working group might generate material to seed conversations in the forum. We also hope this group might propose some 

writing for the book in preparation. For example, it is reasonable to hope that some of the high school teachers in the group might 

collaborate to write about the SLOs from the high school teacher perspective-perhaps considering what they would like new hires to 

know and be able to do. It might also be reasonable to hope that GeT instructors in this new working group would have ideas for 

teaching or assessment activities that they would like to develop and connect with the SLOs through writing a book chapter. 

The new working group meets every other week on Thursdays at 4:00 pm ET. 
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Transformation Working Group Update 

by Julia St. Goar 

Merrimack College 

Over the summer, the Transformation Working Group was facilitated by Steven Boyce and placed a special focus on a lesson study 

(Boyce et. al., 2027) involving Adinkra symbols originating from Ghana (Eglash et. al., n.d.). During this time, the group conducted 

research related to the lesson study and submitted work for publication. In the fall, the group will continue work on the lesson study, 

including working to make changes to the lesson itself. Currently, some members of the transformation group are conducting extra 

meetings outside of typical transformation group times to allow time to focus on this lesson. 

This fall, the Transformation Working Group plans to spend a significant portion of its efforts on creating transformation geometry 

themed chapter proposals for The CeT course: Resources and Objectives for the Geometry Courses for Teachers. Once chapter 

proposals have been created, it is likely that the group meetings will be at least partially devoted to writing time for these chapters. 

Additionally, the group plans to discuss how we are preparing our future teachers to teach transformation geometry in schools, 

specifically how we are preparing them to choose appropriate tasks. Currently, theTransformation Working Group meets on 

Wednesdays at llam (EDT) every other week. 
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Teaching GeT working group update 

by Nathaniel Miller 

University of Northern Colorado 

The Teaching GeT working group is very pleased to announce that the first public version of our Student Learning Outcomes (SLOs) 

for GeT courses is now completed and available at https://getapencil.org/student-learning-objectives/. Our plan is that these can still 

continue to evolve as they are more widely shared and as more voices enter the conversation about them. If you have thoughts or 

feedback about the SLOs, there is a forum on the website where they can be shared. 

Members of the working group are now hard at work writing follow-up chapters about and around the SLOs to submit to the 

proposed book. Different subgroups are writing more about definitions; proofs; non-Euclidean geometry; the Adinkra lesson; 

technology; and possibly other topics. We welcome others to join us! 
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Get to know the community 

Four questions with Mara Markinson, Assistant Professor of Mathematics Education at 

Queens College 

• What is special about your GeT course?

What is special about my GeT course is that it changes a bit each year. I am always 

editing the syllabus to reflect explorations into students' questions and curiosities. Each 

time a student asks a question that goes outside of what was planned, I make time for 

them to figure out the answer, I find this approach, rather than a rigid set of course 

topics, to be much more engaging for my students and for me, and to give them a 

strong sense of ownership of their learning. 

• In 2-3 sentences, describe your GeT course.

A typical day in my GeT course begins with a strong motivation which typically indicates 

a void in the students' knowledge. Students then work in small groups to investigate and 

form conjectures about the questions of the day. We use resources such as GeoGebra 

and the Euclidean Tools to aid their exploration. After full-class discussion, definitions are 

formalized and students summarize their takeaways. I usually ask students to reflect on 

their learning and feelings, as I find this course transformative of their attitudes 

regarding teaching (and learning) geometry. 

• Who are your students?

My students are primarily pre-service and in-service secondary mathematics teachers in 

New York State. They are diverse, creative, and inspiring individuals who each have 

unique backgrounds. They are motivated to become the best possible mathematics 

teachers so that they can serve their students in the most impactful ways. 

• What are you most interested in learning/achieving through participating with

the GeT: A Pencil community?

I plan to contribute to the community as much as possible by framing my course with 

the SLOs and sharing what ensues in my classroom as a result. I am hopeful that my 

continued participation in the GeT community will continue to provide new ideas for my 

GeT course and facilitate my involvement in research about the teaching and learning of 

secondary geometry. 

• What is your favorite book you have read in the last few years?

The Day the World Came to Town by Jim DeFede 

Did you get promoted? Win a grant? Have a baby? Buy a house? We would love to feature your news, whether professional or 

personal! Email us at GRIP@umich.edu. 
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CALL FOR CHAPTER PROPOSALS: The GeT course: Resources and 

Objectives for the Geometry Courses for Teachers 

by Dr. Amanda Brown 

University of Michigan 

Dr. Patricio Herbst 

University of Michigan 

Dr. Nathaniel Miller 

University of Northern Colorado 

Dr. Laura Pyzdrowski 

West Virginia University 

Proposal Submission Deadline: November 28, 2022 

Anticipated Publication Time Frame: Summer 2024 

Most mathematics departments in universities that prepare secondary mathematics teachers offer a geometry class for teachers 

(Gel class, hereafter). However, there is a high degree of variability in the curriculum and instruction of these courses. In order to 

advance a shared understanding of what should be in a Gel course, a set of commonly-defined student learning outcomes (Gel 

SLOs) have been developed within an ongoing professional learning community called Gel: A Pencil-an open and growing 

community of about 40 plus Gel instructors gathered to work collectively in the pursuit of improving the geometric preparation of 

high school mathematics teachers. Recently, the Get: A Pencil community released a first public draft of the Gel SLOs and is 

currently soliciting feedback 

(https://getapencil.org/student-learning-objectives/). 

In order to publicize these SLOs, make them available to the larger mathematical community, and encourage further discussion 

about what a Gel course can and should be, we are soliciting chapter proposals for a forthcoming edited volume entitled The CeT 

course: Resources and Objectives for the Geometry Courses for Teachers. The edited volume will ultimately be considered for 

publication in the MAA Notes Series. The primary objective of this volume is to provide undergraduate instructors with ideas and 

resources to inform their design and development of Gel instruction, organized around the SLOs. 

We invite submissions on any topic relating to the Gel course and organized around the SLOs. Possible topics could include: 

• Reflections on, elaborations of, or reactions to one or more SLOs.

• Examples of course designs and/or activities that address the SLOs in particularly novel or effective ways.

• Ways to assess the SLOs.

• Ideas for further work about the SLOs.

We envision the volume serving as an outlet for instructors to share instructional and assessment resources that can be used to 

further illustrate and support the implementation of one or more of the SLOs within a Gel course. We also anticipate this volume will 

serve as an important outlet for individuals interested in sharing perspectives about the SLOs. Such perspectives can help shape 

future revisions of the SLOs as well as inform future collaborations around other undergraduate courses for teachers. Finally, we 

anticipate the volume serving to both elevate awareness amongst Gel instructors about the ongoing work, as well as identify the 

work ahead. Our hope is that, collectively, the contributions will help shape future revisions of the SLOs and contribute to the 

growing set of instructional artifacts that can help document the growing knowledge base for teaching the Gel course. 

Interested authors should submit an abstract of no more than 500 words in length by November 28, 2022. The abstract should 

provide a list of all authors and affiliations and an overview of the proposed chapter. If applicable, please identify the Gel SLOs that 

best align with the chapter. The abstract should be submitted as a Word document. The file name should match the proposed 

chapter title. To submit your abstract, please attach it to an email with "Gel Volume" in the subject line. 

Abstracts should be submitted to Amanda Brown (amilewsk@umich.edu) by November 28, 2022. Chapters will undergo peer review, 

with no guarantee of acceptance. 

https://getapencil.org/student-learning-objectives/
https://getapencil.org/get-writing-rfp/%C2%A0
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https://www.gripumich.org/events/connections-built-and-lost-within-and-across-geometries-with-transformations-in-school-geometry/
https://docs.google.com/forms/d/13qxERpVrRLo_LVt522B7-L5hJ8SYlXBx6sXjTA8R-nc/viewform?edit_requested=true

